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Abstract
The cells of a tessellation as game board are alternately marked by players A and B. A
given polyomino P is a winner if A can achieve P in his marks regardless of the moves of B.
Otherwise it is called a loser. For the hexagonal tessellation all but ve polyominoes with at
most ve cells are determined as winners or losers. There are at most 13 938 winners altogether
and no winner has more than 18 cells. c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
In [2], Harary invented achievement games for polyominoes or animals which are
sets of cells of a Euclidean tessellation of the plane such that both the set and its
complement both are connected by common edges of its cells. For a given poly-
omino P two players A and B alternately mark the cells of a tessellation as game
board. The polyomino P is called a winner if the player A can achieve a copy
of P with his marks regardless of the moves made by B. Otherwise P is called a
loser. This modication proposed in [3] is nearly the same as if both players try to
achieve P.
For the triangular tessellation there are three winners and all other polyominoes are
losers (see [4]). For the square tessellation 11 polyominoes are known to be winners.
All others except one undecided polyomino, called Snaky, are losers (see [2,5,6]).
Since explicitly described winning strategies for square polyominoes seem not to exist
in the literature we will add these in Section 4. For hexagonal tessellations noth-
ing is published and we present rst partial results here. It may be remarked that
for the ve platonic solids as game boards all winners and losers are determined
in [1].
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2. Winners and losers up to ve cells
Since a subpolyomino of a winner cannot be a loser it suces to determine all
elementary winners, that are those which are not part of a larger winner. Correspond-
ingly, it suces to determine all elementary losers, that are those for which every sub-
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Fig. 5.
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polyomino is a winner. For example, Fig. 1 shows the only elementary winner and all
three elementary losers for triangular polyominoes [4].
To prove that a given polyomino is a winner we will describe a winning strategy
for the rst player A. This strategy consists of a labelled sequence of situations which
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are parts of the game board just before the next move of player B. Black cells have
been marked by A and labelled cells have not been marked by B before. If B chooses
a labelled cell then this label indicates that situation of the sequence which A can
achieve by his next move. If B chooses a cell of the game board outside the described
situation then A can use any label of this situation to proceed. If the rst situation can
be achieved by A and if the labels of the situations are smaller than all labels of their
cells then A always achieves the last situation, the desired polyomino.
In Figs. 2{16, for 15 polyominoes with ve cells proofs are given to be a winner.
All polyominoes with at most four cells are subpolyominoes of these winners and thus
also are winners. For all these 15 winners it is not decided so far whether they are
elementary or not.
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Fig. 14.
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Table 1
u = 1 2 3 4 6
l = 1 2 3 4 5 1 2 3 4 5 1 2 3 1 1
v = 2 1 1 3 2 5 0 2 10 11 46 | | | | |
3 1 3 2 5 6 4 53 343 1190 4538 4 257 1584 | |
4 1 7 26 31 6 128 2151 7655 21 8870 14 |
5 2 14 48 15 953 257 315 |
6 1 19 180 14 2387 79 1411 23702
7 3 61 62 3190
8 2 78 79
Table 2
Order Number Order Number
1 1 11 3033
2 1 12 2860
3 3 13 1974
4 7 14 915
5 20 15 333
6 67 16 128
7 216 17 34
8 623 18 6
9 1373 19 0
10 2344 Sum 13 938
Fig. 19.
Fig. 20.
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Fig. 23.
J.-P. Bode, H. Harborth /Discrete Mathematics 212 (2000) 5{18 17
Fig. 24.
To prove that a given polyomino is a loser we use partitions of the tessellation into
pairs of cells such that every possible position of this polyomino contains at least one
pair. Then B can choose the second cell of a pair after every move of A and A cannot
win. In Fig. 17 two pair partitions are given which determine two polyominoes with
ve cells to be losers and thus they are elementary losers. There remain ve undecided
polyominoes with ve cells (see Fig. 18). It can be remarked that no pair partition can
be successful for these polyominoes.
3. An upper bound for the number of winners
The above used method of partitions will be used to nd as many losers as possible.
In the hexagonal tessellation there are three sets of parallel straight lines orthogonal to
the sides of the hexagons. A pair partition is called periodic if translations of all pairs
of cells by xed numbers u, v, w along these three sets of lines result in congruent
pair partitions. The periods u, v, w are assumed to be minimal and u6v6w. If the
distance of a pair is dened to be the smallest number of sides of hexagons which
have to be passed to come from one hexagon to the other then l denotes the maximum
distance of all pairs in a partition. By triples (u, v, l) we can now classify all periodic
pair partitions. In the case that u and v both are odd we will allow that one hexagon
per period is unpaired. By use of a computer the numbers of dierent partitions have
been determined for small values u, v, l (see Table 1).
For all partitions of Table 1 we have now checked by computer whether a small
undecided polyomino in all possible positions covers at least one pair of the partition.
Then this polyomino and all larger polyominoes containing it are losers. All remaining
polyominoes are still possible as winners and their numbers are given in Table 2. Up
to four cells the numbers of winners are exact. It is a main result that winners with
more than 18 cells do not exist. Fig. 19 shows all undecided polyominoes with 18
hexagons. For six cells Fig. 20 shows all known losers which do not contain one of
the two losers with ve cells (see Fig. 17). The last four polyominoes of Fig. 20 are
determined to be elementary.
4. Winning strategies for square polyominoes
In Figs. 21{23 we present winning strategies for three square polyominoes with
ve cells. These three winners contain all other winners (excluded possibly Snaky,
Fig. 24).
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5. Remarks
For further progress it is of interest to nd other kinds of strategies to determine a
polyomino as a loser. Corresponding questions in higher dimensions or for hyperbolic
tessellations are not considered so far. An interesting concept recently introduced by
F. Harary is the handicap of a polyomino which is dened as the smallest number of
cells which the rst player A has to mark before the game starts so that then a winning
strategy exists for A.
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